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Unsteady Supersonic Computations of Arbitrary Wing-Body
Configurations Including External Stores

P. C. Chen*
Zona Technology, Inc., Mesa, Arizona

and
D. D. Liut

Arizona State University, Tempe, Arizona
A general harmonic gradient method has been developed for computations of unsteady supersonic flow

handling given wing-body combinations, including arbitrary external store arrangements. The harmonic gradi-
ent model is adopted so that the total panel number is least affected by the given Mach number and reduced
frequencies. To assess the accuracy and effectiveness of the present method, comparison with available data is
given including the National Aerospace Laboratory's measurements for underwing store and wing-with-tip
missile cases. The accurate prediction and ease of application of the present method suggests that it is fully
developed for supersonic aeroelastic applications to realistic aircraft configurations.
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Nomenclature
= panel area
= pressure coefficient
= (hs» hB

f, hB") body structural mode, slope,
and curvature

= wing structural mode parallel to the outward
normal vector

= KM//39 K is the reduced frequency
= freestream Mach number
= (nx, ny, nz) unit outward normal vector of each

panel
= («o, VQ, w0) steady mean velocity on the body
= total velocity on the body
= total velocity on the wing surface
= location of the control point
=(M2-1)1/2

a
T

Subscripts

= unknown doublet strength
=x0-x
- unknown source strength
= body thickness ratio

= (-) of the /th panel
= {•) of they'th panel

Superscripts
( . )0 = ( • ) of the 7th structural mode
( . )(•/) = ( • ) of the /th structure mode

Introduction
^HE problem of the store-tip/missile-air frame interaction
during the cruise or the maneuver phase of the supersonic
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fighter aircraft has been a major concern for design and
analysis. It is known that this type of interaction will change
the unsteady airload and, hence, alter the flutter characteris-
tics of the wing/tail drastically. For example, problems such
as underwing pylon/stores performing combined pitch-yaw
oscillations and the tip missile/wing interference are among
the critical factors to aircraft flutter. When an aircraft is in
short-period, rigid-body motions, the effects of wing-fuselage
interference on the damping-in-pitch derivative can be sub-
stantial. All such interfering cases considered warrant an accu-
rate method in predictions of unsteady aerodynamics, stability
derivatives, and flutter boundaries.

Although four decades of supersonic flight have passed, it
appears that no satisfactory method exists in the prediction of
supersonic unsteady airloads for such realistic wing-body con-
figurations. Unsteady subsonic methods for computations of
interference aerodynamics have been sufficiently developed in
the past, notably the doublet lattice method.1 By contrast,
development in its supersonic counterpart only remains in
methods for treating wing-alone2'9 or body-alone10'12 configu-
rations. A low-order panel method for wing-body combina-
tions has been previously formulated by Morino et al.,13 but it
presents insufficient unsteady results for assessment of its
applicability.

On the other hand, computational methods for wings with
external stores have been in urgent demand in recent years.
Although some progress has been made in this area,14'15 the
methods employed are not yet fully developed to handle super-
sonic aeroelastic applications for arbitrary wing-body configu-
rations including external stores.

In this paper, recent development of a supersonic panel
method is presented for unsteady aerodynamic computations
of arbitrary wing-body combinations with additional external-
store systems. The present wing-body formulation is an out-
growth of the previous harmonic gradient method (HGM) for
planar/nonplanar wing planforms.9 Source panels are applied
on the body surface, whereas doublet panels are used to model
multiple lifting surfaces. In essence, the present approach
could be considered as an unsteady generalization of Wood-
ward's USSAERO method,16 with the exception of the wing-
thickness effect. The present method is completely general in
the reduced frequency range, the body and wing planform
geometries, and the structure mode inputs. The computer
program is structured in such a way that the mode inputs and
the unsteady aerodynamic outputs for the body part and the
wing part can be independently accessed and maintained. In
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this way, the contributions due to wing-body interference can
be conveniently assessed.

To validate the present method, various computed examples
including wing-alone, body-alone, and different wing-body
combinations in both steady and unsteady flows were selected
for comparison with available data. For complex wing-body
configurations, computed forces and moments for cases of a
wing-with-tip missile and a wing with launcher/pylon/store in
pitching oscillations were verified with those measured by the
National Aerospace Laboratory (NLR).17

Approach
Kernel Evaluation and Paneling Scheme

First, the body surfaces are discretized into NB number of
panels and each body panel is represented by a constant source
distribution. This body-paneling scheme is considered as the
generalization of the USSAERO method. The wing planforms
are modeled by lifting surfaces, upon which the paneling
scheme is set up according to the HGM arrangement,9 as
shown in Fig. 1.

Let the supersonic perturbed potential be represented by </>
at the /th control point located either on the wing or the body.
Thus, <t> can be expressed as

NB
£

7=1

NW

7

where

AT,

dr?

(1)

(2)

(3)

<t>Bj and 4>Wj are the body potential and the wing potential,
respectively, and

where R denotes the hyperbolic distance between the control
point and the field point, i.e., R =(£2 — r?2 — £2)I/2, and Arj and
A£ define the boundaries of they'th panel (see Fig. 1).

The doublet kernel integral [Eq. (3)] is to be solved accord-
ing to HGM. The source kernel integral is derived as follows:

An exact solution exists for the inner integral of Eq. (2);
thus, r*

<t>Bj = e~ikM^^ (4)

where

sin"

AI

~r } + E ~^ J2n(kr) sin| 2n sin'H ^

and /o> Jin are the Bessel function of the first kind. Since \l/ is
a regular function bounded by the forwarded Mach cone, Eq.
(4) can be solved numerically by means of a standard method
such as Gaussian quadrature.

The velocity influence coefficients (VIC) are derived by
differentiating Eq. (4) with respect to ATO, y0, and ZQ, respec-
tively, i.e.,

+

3X0

(5)

(6)

Fig. 1 Wing-body paneling scheme.

e-^
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Notice that Eqs. (5-7) contain steady VIC

(7)

A

which involve singular integrands of order l/R. However,
these VICs are integrable singularities and, in fact, they can
be integrated analytically and expressed in terms of elementary
transcendental functions (see Ref. 16).

Through integration by parts, Eqs. (5-7) can be reduced to
the regular integrals, which can then be integrated by the
standard numerical schemes.

Boundary Conditions
For an arbitrary elastic body performing oscillatory motion

with general flexible modes, its boundary condition in a body-
fixed coordinate system has been derived by Garcia-Fogeda
and Liu.10 In a general form, it can be expressed as

on the body surface, r = R(x,6).
On the other hand, the boundary condition for the oscillat-

ing lifting surfaces is the well-known expression

on the mean wing surface, where Fw = h^ + iKhw.
In passing, it should be noted that the body boundary

condition [Eq. (8)] involves the influence of steady mean flow
and, hence, the body thickness r, whereas the wing boundary
condition totally decouples from these factors. More impor-
tant, in the slender body limit as T approaches zero, the
function FB should not reduce to the function Fw of Eq. (9).

In the subsonic domain, the NLR group has attempted to
solve the wing-tip tank-store problem.15 It is believed that the
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boundary conditions on the bodies are not properly defined,
and the slender body limit in terms of the NLR panel scheme
remains to be clarified.

Source and Doublet Strengths
Since the steady mean-flow velocity components enter

through the body boundary condition [Eq. (8)], these must be
solved first using a similar procedure to that of USSAERO.

Once the right-hand side of Eq. (8) is known, the unsteady
source and doublet strengths for a given wing-body configura-
ton can be solved along the surface according to the following
matrix equation, i.e.,

Table 1 Figures for body and wing/body

' \ / \OJL\ /^^Jl\O(p \ I O(f) \

dnJWB \dnj

(10)

where

—on/

= the normal velocity influence coefficient in-

duced by the body onto itself

= the body on the wing

— ) = the wing on the body
on/ BW

(-} =\dn/ ww
the wing onto itself

Thus, the unsteady potential 4> and the velocities u, v, and w
can be obtained by multiplying the source strength and dou-
blet strength by the potential and velocity influence coefficient
matrices, respectively.

Pressure Coefficient and Generalized Forces
Based on the work of Garcia-Fogeda and Liu,10 the un-

steady pressure coefficient expressed in the body-fixed coordi-
nate reads

where

Cp=-2S0-

-^ M2(2w0 + w0
2 + "o2 + V) |7-1 (lla)

0 = L0(U0, V0,W0,U,V,W, V°)

LI=LI(UO, v0, w0, 0, hB
(n))

(lib)

(lie)

The generalized forces can be expressed in terms of the mode
functions HBi and hvi and the pressure coefficient Cp, i.e.,

Qu = , - *#«*) + (12)

Results and Discussion
To validate the present program, a series of numerical stud-

ies were performed and the following results were verified with
available theoretical and measured data. The present numeri-
cal study proceeds with computations of body-alone cases and
these are followed by the wing-body cases.

Body
Steady (AT = 0) Fig. 2
Low frequency Fig. 3
Full frequency Fig. 4
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Fig. 5
Figs. 6-11
Figs. 12-21
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Circumferential steady pressure distributions on an elliptic
various angles of attack.

2.5
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BRONG -EXACT THEORY
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R(X)-.I763X
0< X < I
XQ-O

2.0 3.0 4.0 4.5

MACH NUMBER, Moo
Fig. 3 Damping-in-pitch normal-force coefficients vs Mach number
for a right circular cone.

Because of numerous cases involved in this study, Table 1 is
provided to indicate the discussion sequence.

Elliptic Cone
Figure 2 presents pressure distribution on an elliptic cone

(a = 6 deg) at steady mean angles of attack, 0:0 = 0, 3, and 6
deg. The present computed results are compared with those of
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0.
O
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Fig. 4 In-phase and out-of-phase pressure coefficients for a bolic-ogive in first bending mode at Moo = 2.5 and reduced frequency k = 1.0.

the USTORE code18 the USSAERO code,16 and the measured
data.19 It should be noted that the present method practically
recovers the results of the USSAERO code. This is expected
since the present method is based on the generalized surface-
panel schemes that contain the USSAERO formulation as a
special case for K = 0. A parallel checking on the same case
has been conducted using the line-doublet panel method (HPP
method, Ref. 20). Our preliminary results indicate that the
present surface-panel scheme is superior to the HPP method
when the ellipticity ratio a/b (where a and b represent the
major and minor axes of the ellipse) is below 1/3.

Oscillating Cone
For low-frequency cases, our computed results are verified

with those computed and measured in terms of the damping
stability derivatives for a right circular cone in oscillation.
Figure 3 compares normal damping force coefficient for a
10-deg circular cone pitching about its apex as computed by
various methods.21 The present result is in excellent agreement
with the HPP linear results,11 as expected.
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In Fig. 4, in-phase and out-of-phase pressures for a 10%-
thick ogive body performing oscillation in a first bending
mode are presented. Complete agreement is found between the
HPP results and the present results in this high reduced-fre-
quency case (K = 1.0). It should be noted that for the cases of
oscillating cone and ogive, the numerical verifications are
conducted in Figs. 3 and 4 with an aim to validate the present
surface-panel method as opposed to the line-singularity
method (HPP method) previously developed.11 As such, the
verification procedure is critical in that the accuracy of the
present method for bodies and, hence, its expendability to a
viable wing-body method, can be properly evaluated.

Steady Wing-Body Interface
Longitudinal loadings (Cnd/dmax) over a 10% thick body

with and without a tapered wing (4^ = 4.0 and taper ratio
= 0.6) are presented in Fig. 5

The force coefficient Cn is defined as

Fig. 5

0 10 20 3O 40 50 60 70 80 90 100

PERCENT FUSELAGE LENGTH
Static loadings about the fuselage-wing junctions.

No interference effect is noted in the first 40% of the body
length, as expected. A bump-like loading along 40-85% body
length is observed as a result of the presence of the tapered
wing. In addition, lifting pressure distribution along the wing
chord is also plotted at the 20% semispanwise location. Good
agreement is found between the computed and measured re-
sults.22 Thus, the steady aerodynamic option of the present
method is validated by means of this present interference
example.

NACA Wing-Body Configuration
To verify our computed results for wing-body combinations

in the low-frequency limit, measured stability derivatives for a
delta wing body with >R = 2 (Fig. 6) in NACA RM A52104a
were selected for comparison.23

The stability derivatives in this case are expressed in terms
of the generalized forces QIJ9 i.e.,

iCn=- Cpde (13)

where d and dmax represent the diameter and maximum diame-
ter of the body, respectively.

CL =

CM = Sc

(14a)

(14b)
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= 2 /m(Q22>
ScK

3/4

(14c)

where 5 is the wing area, c the mean aerodynamic chord, K the
reduced frequency based on c, K — ̂ c/U^ (where o> is the
circular frequency), and Qu,Q22 are the 12 and 22 compo-
nents of the computed 2x2 generalized forces matrix with two
rigid-body modes. The first one is the plunging mode and the
second one is the pitching mode.

Figure 7 presents the computed lift curve slopes CL(x for the
body only, wing only, and the wing-body cases. It is seen that
the wing-only case (a delta wing as shown in Fig. 6) produces
the highest lift slope as expected, whereas, by constrast, the
body-only case produces a relatively insignificant lift slope
throughout the Mach number ranges. Notice that the present
CL value is based on the wing surface area. Typical CLa for
bodies uses the base area. A conversion formula reads:

re )L(*

wing area
present \body base area

cL body
(15)

EQUATION'OF FOREBODES: r = rQ l-(l-

ro = 2"
I = 50"

0 < X < 25"

EQUATION OF AFTERBODIES: r = rQ

- 35"

21.2"

A=2 TRIANGULAR WING (NACA 0003-63 SECTIONS!

Fig. 6 Sketch of a wing-body combination: M. = 2.0 delta wing with
centered body of revolution.

The present wing-body result tends to underpredict CL(x
slightly, whereas in Figs. 8 and 9 the pitching moments CMoi
(about pitching axis 0.35c and 0.45c) for wing and body ap-
pear to be in better agreement with the test data then the
wing-only results.

However, the damping-in-pitch moments at these locations,
as shown in Figs. 10 and 11, indicate slight overprediction of
the present wing-body results, whereas the wing-only results
are in better agreement with the measured data.

It should be noted that the slight overprediction of the
stiffness and damping moments by the present method in
comparison with the measured data could be subject to a
number of factors. These include the aeroelastic effect of the
wind-tunnel model as well as the induced viscous effects as
pointed out previously in Ref. 23.

NLR Underwing Store
In Fig. 12, a NLR wind-tunnel test configuration con-

structed with an F-5 wing plus an underwing store is modeled
by 112 body panels representing the missile body, 72 wing
panels for the launcher, and 24 panels for the four aft fins.

The complete configuration is in pitching oscillation about
50% root chord at a circular frequency F = 20 Hz, and at two
Mach numbers, M= 1.1 and 1.35.

In Figs. 13-15, the comparisons of the NLR measured
data17 and the present computed results are presented. The
unsteady force and moment coefficients used in these figures
are defined as follows:

The store normal-force coefficient is

CZl = 7TCS
(16)

where Z, is the computed normal force.
The side-force coefficient is

CY.= ircS (17)

where Y) is the computed side force.
The pitching-moment coefficient is

(18)

where M/ is the computed pitching moment.

EXPERIMENT:
O R = l.89 xlO6

O R = 3.77xl06

— FORCE TEST DATA,
NACA RM A50K24Q
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—+— W ING + BODY
——— WING ONLY
——— BODY ONLY

1.0 1.8 2.01.2 1.4 1.6

MACH NUMBER, M^
Fig. 7 Lift-curve slopes for an JR. = 2.0 wing-body combination.
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———— WING ONLY O R= 1.89x10
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Fig. 8 Moment-curve slopes for an & = 2.0 wing-body combination
about pitching axis at 0.35c.
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Fig. 9 Moment-curve slopes for an ̂  = 2.0 wing-body combination
about pitching axis at 0.45c.
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Fig. 10 Damping-in-pitch moment coefficients for an
body combination about pitching axis at 0.35c.
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Fig. 11 Damping-in-pitch moment coefficients for an ,
body combination about pitching axis at 0.45c.

= 2.0 wing-

Pitching about
50% root chord

Fig. 12 Paneling model for the underwing store configuration:
Northrop F-5 wing plus underwing pylon, launcher, missile body with
four aft fins.

The yawing-moment coefficient is

CNi = (19)

where N/ is the computed yawing moment, c = 0.4183 the
mean geometric chord, and S = 0.6226 the semispan.

Figure 13 presents the unsteady normal forces and pitching
moments on the underwing store system of two different
combinations: 1) the pylon plus launcher (P+L), and 2) in
addition to 1), a missile body with four aft fins (P+L
+ MB +AW). The in-phase (real) part of the computed nor-
mal forces and pitching moments for both cases correlated
well with the measured data, while all out-of-phase (imagi-
nary) parts remain insignificantly small.

Figure 14 presents the side forces and yawing moments on
the underwing store systems in three different combinations:
1) pylon alone (P); 2) pylon and launcher (P+L); and 3) in
addition to 2), a missile body with four aft fins (P+L
+ MB+AW). Both measured data and computed results
show increases in the in-phase normal forces (positive for
outboard direction) with the addition of the system from 1) to
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FORCE
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+ L+MB+AW
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N
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TEST DATA (NLR): F= 20Hz
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0.6 1.0
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Fig. 13 Unsteady normal force and pitching moment for the under-
wing store configuration with and without the missile body oscillating
about 50% root chord at Moo = 1.1 and 1.35 and reduced frequency
4=0.1.' • " ', ' ;'. ' ' ' "• '... '' • • • ' .'. ' ' ' ' -

UNSTEADY SIDE
FORGE
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_-•_- p
—•-- P+L
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6 P •»• L f MISSLE BODY (MB)
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Fig. 14 Unsteady side force and yawing moment for the complete
underwing store configuration with and without the missile body and
launcher oscillating about 50% root chord at Moo = 1.1 and 1.35 and
reduced frequency k =0.1.

3), whereas a decreasing trend is observed for the out-of-phase
parts/The unsteady yawing moments on the system are rela-
tively small. The computed results also show that the added
missile with fins to the system contributes most to the in-phase
moment (positive body apex pointing inboard). In Fig. 15, the
integrated spanwise unsteady normal forces and pitching mo-
ments along the F-5 wing under the influence of the complete
underwing store system are plotted against those of the clean-
wing case according to the computed results and the test data.

The unsteady force and moment coefficients in this figure
are defined as follows:

The section normal force is

(20)

(21)

The section pitching moment is

2 C 1
Cmi = - ACP (x/c - 0.25) d(x/c)

7T 0
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WING + PYLON * STORE
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Fig. 15 Unsteady spanwise normal force and pitching moment for
the clean F-5 wing and the underwing store configuration at
Mo, = 1.35 and reduced frequency AT =0.1.

Pitching about
50% root chord

Fig. 16 Paneling model for the wing-with-tip missile configuration:
Northrop F-5 wing plus launcher, missile body with fore and aft fins.
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Fig. 17 Unsteady normal forces and pitching moments for the F-5
wing plus tip launcher oscillating about 50% root chord at Moo = 1.1
and 1.35 and reduced frequency A: =0.1.

where c is the local chord length.
It is seen that the computed forces and moments predict the

same trend as the measured data showing a finite discontinuity
across the pylon location. The computed results tend to over-
estimate the in-phase forces and moments and underestimate
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TEST DATA (NLR)
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QUASI-STEADY

0.08r

-0.04L

UNSTEADY PITCHING
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._ 0.02
O
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-O.02L
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I
v/H—•

0.6 1.0 1.4 £

-O.02L Mr

Fig. 18 Unsteady normal forces and pitching moments for the F-5
wing plus tip launcher and tip missiles at Moo = 1.1 and 1.35 and
reduced frequency A: =0.1.
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Mco -0.02L Mco
Fig. 19 Unsteady normal forces and pitching moments for the F-5
wig plus tip launcher and missile body with aft fins at Moo = 1.1 and
1.35 and reduced frequency k =0.1.

the out-of-phase forces and moments in comparison with the
measured data.

However, these discrepancies may be caused by the uncer-
tainties in the measured unsteady data as mentioned in Ref.
17. Meanwhile, NLR also provided the measured quasisteady
data, which is supposedly more reliable for the in-phase
forces. Better agreement in trend between the quasisteady data
and the computed results is found for this case.
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Fig. 20 Unsteady normal forces and pitching moments for the com-
plete wing-with-tip missile configuration at Moo = 1.1 and 1.35 and
reduced frequency & =0.1.

NLR Wing-with-Tip Missile
In Fig. 16, another NLR wind-tunnel test configuration

constructed with an F-5 wing-with-tip missile is modeled with
72 wing panels for the F-5 wing, 14 panels for the pylon, 16
panels for the four canard fins, 24 panels for the four aft fins,
and 112 body panels for the missile body. This configuration
was tested under the same conditions as those provided for the
NLR underwing store cases.

The normal forces and pitching moment computed for the
present configuration consists of four cases: 1) the tip
launcher only (Fig. 17); 2) the tip launcher plus missile body
(Fig. 18); 3) the tip launcher plus missile body with four aft
fins (Fig. 19); and 4) the complete tip missiles, all in 3) plus
four canard fins (Fig. 20). For all cases considered, the com-
puted results are generally in good agreement with the NLR
measured data with the exception of normal-force predictions
at Moo =1.35.

It is interesting to see that the aft fins produce a stabilizing
moment in Fig. 20, whereas they completely negate the mo-
ment contribution due to the missile body and the launcher in
Figs. 17 and 18.

By comparing Fig. 20 to Fig. 19, it is seen that the pitching
moment is changed from a stable region to an unstable one
due to the addition of four canard fins, whereas the changes in
normal forces are small. The present results not only follow
the overall trends in measurement but also provide accurate
prediction in almost every case.

Lastly, the unsteady span wise normal forces and pitching
moments for a clean F-5 wing and the complete wing-with-tip
missile are plotted along the semispan in Fig. 21.

Departure between the results obtained for the clean wing
and the wing-with-tip missile cases starting from 60% semis-
pan toward the wing tip are observed. This is expected since
the influence domain of the tip missile to the wing is bounded
by the forward Mach cone emanating from the missile apex.

Similar to Fig. 15, the computed results in the present case
tend to overpredict the out-of-phase forces and moments in

r 0.4

0.2

y / s y / s

y / s

Fig. 21 Unsteady spanwise normal force and pitching moment for
the clean F-5 wing and the complete wing-with-tip missile configura-
tion at Moo = 1.35 and reduced freqency A; =0.1.

comparison with the measured data. Again, these discrepan-
cies may be caused by the uncertainties in the measurement, as
mentioned in Ref. 17. Better agreement in trends between the
more reliable NLR quasisteady data and the present results
can be seen for this case.

In particular, the discrepancies between the present results
and those measured, shown in the lift curve slopes for the
NACA wing-body (Fig. 7) and in the forces and moments for
the wing-with-tip missile (Figs. 18 and 19), appear to have
5-20% error. Other than the causes suggested above, further
studies in the paneling refinements are warranted in order to
verify with the measured data.

Conclusions
A general method has been developed to compute the un-

steady aerodynamics for arbitrary wing-body configuration
including external stores in supersonic flow. The present
method generalizes the harmonic gradient method for wings to
include treatments for arbitrary wing-body combinations.

The harmonic gradient model used assures that the panel
number required is least affected by the given Mach number
and reduced frequencies. To verify with available theory and
measured data, numerous cases are computed for body, wing-
body and wing-with-external stores configurations.

Good agreement is found for all cases considered. Accurate
prediction by the present method also quantitatively confirms
the trends in NLR measured forces and moments for a
Northrop F-5 wing with under wing store and wing-with-tip-
missile configurations.

Meanwhile, a computer program has been developed for
aeroelastic applications to realistic aircraft configurations.
This program contains salient features such as 1) it has built-in
subsystems for ease of input, 2) valid for all reduced frequen-
cies, and 3) for complex wing-body combinations with any
given modes, etc. Therefore, it is believed that a well-devel-
oped method and a production-ready three-dimensional un-
steady supersonic code for arbitrary wing-body combinations
are finally at hand.
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